After introducing the Bernhard-Jablan Conjecture, we computed rational links with an unlinking gap for n ≤ 16 crossings. Several new infinite multi-parameter families of rational knots and links with unlinking gap are described. The general principle for the construction of infinite families of links with an unlinking gap is proposed. New infinite families of polyhedral alternating links with unlinking gaps are discovered. Nonalternating link projections with an arbitrarily large unlinking gap are constructed.
Introduction
The term "link" will be used for both knots and links, because knots are 1component links. Consequently, under the terms "unlinking number", "unlinking gap", and "unlink", we will consider the unknotting or unlinking number, unknotting or unlinking gap, and unknot or unlink, respectively.
In every crossing of a link it is possible to make a crossing change: to transform an overcrossing to undercrossing or vice versa.
Definition 1
The unlinking number u(L) of a link L is the minimal number of crossing changes required to obtain an unlink from the link L; the minimum is taken over all projections of L.
There are two different approaches for obtaining the unlinking number of L:
• according to the classical definition, one is allowed to make an ambient isotopy after each crossing change and then continue the unlinking process with the newly obtained projection; • the standard definition requires all crossing changes to be done simultaneously in a fixed projection.
The equivalence of the standard definition with the classical definition is proved by C. Adams [1] . If in the standard definition we take only minimal projections instead of working with all projections, we cannot always obtain the correct unlinking number. This is illustrated by the well known example of the knot 10 8 (or 5 1 4 in Conway notation [1, 2, 3, 4] ), given by Y. Nakanishi [5] and S. Bleiler [6] . The rational knot 5 1 4 has only one minimal projection (Fig. 1a) . According to the standard definition, unknotting takes at least three crossing changes (in the crossings denoted by circles). If we apply the classical definition: make a crossing change in the middle point of the diagram (a) followed by an ambient isotopy, we obtain the minimal projection of the knot 3 1 2 (b) that can be unknotted by only one crossing change. As a result we obtain the correct unknotting number 2. The same unknotting number will be obtained if we take the non-minimal projection of the knot 5 1 4 ( Fig. 1c ) and use the standard definition. As was shown by J. Bernhard [7] , the same property holds for the complete knot family (2k + 1) 1 (2k), k ≥ 2. In Section 2 we consider the unknotting number Conjecture, that gives the solution for the Nakanishi-Bleiler example and all other knots or links with unlinking gap, giving the possibility of calculating unlinking numbers from minimal projections of knots and links.
The listing of rational knots and links up to 16 crossings that have an unlinking gap is presented in Section 3. Although the Nakanishi-Bleiler example and its corresponding infinite family derived by J. Bernhard remained the single example of that kind for about 20 years, our results show that knots and links with this property are not so exceptional. In fact, they represent a considerable portion of rational knots and links, e.g., about 4% for n = 15 or n = 16.
Section 4 contains generalizations of computation results to multi-parameter families of knots and links with an unlinking gap. It is shown that knots and links with an unlinking gap exist for all kinds of knots and links, including non-alternating ones.
Together with the conclusions, Section 5 contains the construction of the families of alternating and non-alternating minimal knot and link projections with an arbitrarily large unlinking gap.
Unknotting Number Conjecture
Using the classical definition, we can obtain the correct unknotting number u(5 1 4) = 2 from the minimal projection of the knot 5 1 4. Therefore, we propose the following conjecture:
Bernhard-Jablan Conjecture This means that we take a minimal projection of the link, make a crossing change in every vertex, and minimize all the links obtained. The same algorithm is applied to the first, second, . . . k-th generation of the links obtained. The unlinking number is the number of steps k in this recursive unlinking process.
In the case of alternating knots or links, according to the Tait Flyping Theorem [8] , all minimal projections will give the same result, so it is sufficient to use only one minimal projection.
As distinct from alternating knots and links, we need to work with all minimal projections of non-alternating knots and links. This follows from the example found by A. Stoimenow. According to the Conjecture, two minimal projections of the same 14-crossing knot 14 36750 [10] (in the Knotscape notation [9] ), given by Dowker codes If an estimated unknotting number of a knot K is equal to half of the signature, σ(K) 2 , we are sure that we obtained an exact unknotting number. In the case of links the same holds if an estimated unlinking number of a link L is equal to σ(L)+1
.
Additional criteria for checking estimated unlinking numbers are given by P. Kohn [11] . Unknotting numbers calculated according to the Conjecture coincide with all exactly determined unknotting numbers (n ≤ 10) from the book A Survey of Knot Theory by A. Kawauchi (Appendix F) [12] and Kawauchi's table updated with reference to recent unknotting number results [13] , if in all ambiguous cases (A=1 or 2; B=2 or 3) for the unknotting numbers we take A = 2, B = 3. Hence, if any of those unknotting numbers is smaller than its maximal estimated value, this will be a counterexample for the Conjecture. The Conjecture holds for all two-component links whose exact unlinking numbers were calculated by P. Kohn [11] . The complete list of estimated unknotting numbers for knots with n = 11 crossings computed by the authors according to Conjecture (using the program LinKnot [14] , the extension of the program Knot2000 developed by M. Ochiai and N. Imafuji [15] ) is included in the Knot Tables by C. Livingston [13] .
The Conjecture was first introduced by J.A. Bernhard in 1994 [7] and then independently proposed by S. Jablan in 1995, when it was effectively used for the calculation of unknotting numbers of the knots with n ≤ 10 crossings. It is now included in the knot theory program LinKnot [14] as the basis of the function UnR that calculates unknotting and unlinking numbers of rational knots and links, and UnKnotLink that calculates unknotting or unlinking number of any knot or link. Since the computation of signatures is included in these functions and used for the control of results, for a large number knots and links we can be sure that estimated unlinking numbers are the exact unlinking numbers. Y. Nakanishi [16] and A. Stoimenow [17] proved that the Conjecture holds for one subclass of rational knots: all rational knots with unknotting number one have an unknotting number one minimal diagram.
If the Conjecture does not hold for all links, it may be true for some restricted class, e.g., for all rational links. In the worst case, even if it is not true in general, it gives the best possible upper bound for unlinking numbers.
A particular value of the unlinking number is a characteristic of a family. For example, for all knots p 2, p 1 1 p, (p + 2) 1 1 p, p 2 1 2, p 1 1 1 2, u(K) = 1. The Conjecture enables us to calculate the unlinking numbers for different families of links. For example, knots in the family p (p = 2k + 1) have the unknotting number k; for knots of the families p q (p ≥ q) the unknotting numbers are u((2m) (2n)) = n, u((2m + 1) (2n)) = n, u((2m) (2n + 1)) = m;
for knots of the families p 1 q (p ≥ q) they are 
According to Tait's First Conjecture [18, Theorem 11.5.5] , proved independently in 1986 by L. Kauffman, K. Murasugi and M. Thistlethwaite [1] , a reduced alternating projection is the minimal projection of a prime alternating link. In the case of alternating links, it follows from the Tait Flyping Theorem [8] that all minimal projections of a link L will have the same unlinking gap δ M (L), so a particular value δ M (L) will be the unlinking gap δ(L) of a link L.
D. Garity extended the one-parameter Bernhard family (2k + 1) 1 (2k) (k ≥ 2) of knots to the two-parameter family (2k+1) (2l+1) (2k) (k ≥ 2, l ≥ 0, k > l) with the unknotting gap δ=1, and discovered the first two-parameter family of rational links (2k) 1 (2l) (k ≥ 2, l ≥ 2) with an arbitrarily large unlinking gap [19] . He proved that for the knot family (2k + 1) (2l + 1) (2k) the result obtained from a fixed minimal projection according to the standard definition is k + l + 1, and the exact unknotting number is k + l, so the unknotting gap is always 1. For the links belonging to the family (2k) 1 (2l), the unlinking number obtained from a fixed minimal projection is k + l − 1, and the exact unlinking number is ≤ l, so the unlinking gap is at least k − 1 and can be made arbitrarily large for a sufficiently large k.
Unlinking gaps are computed by the Mathematica based knot theory program LinKnot [14] . The additional function fGapRat calculates the estimated unlinking number of a given rational link L, the unlinking number of its fixed minimal projection, detects rational links with an unlinking gap, and computes its value δ(L).
The calculation of unlinking gaps for rational links is very fast because the functions UnR and fGapRat work with continued fractions. Similar, but much slower functions UnKnotLink and fGap, based on the function ReductionKnotLink, are used for the calculation of unlinking gaps for non-rational links.
If the Conjecture is not true in general, the list of links with an unlinking gap given in this article will remain correct, because for every link from that list the unlinking number obtained from a minimal projection u M (L) is greater than the estimated unlinking number u E (L) which represents the upper bound for the exact
However, in that case our list may not be complete: links whose exact unlinking number is smaller than the estimated one will also have unlinking gap.
Computation Results
In the following tables we include Conway symbols of the rational knots and links with an unlinking gap and their overall number: Among the links with n = 13 crossings appears the first link 6 1 6 with the unlinking gap δ = 2. Knots and links with an unlinking gap δ = 2 are denoted in tables by bold Conway symbols. Note that the completion of the previous tables depends on the validity of the Bernhard-Jablan Conjecture for rational knots and links: according to the Conjec-ture they are exhaustive.
Among all the polyhedral alternating knots and links with n ≤ 11 crossings, the first link 8 * 2.2 (with the unlinking gap δ = 2) will appear for n = 10. The list of polyhedral links with an unlinking gap for n = 11 is given in the following It can be noticed that among all alternating knots with n ≤ 11 crossings nonrational knots with an unknotting gap can not be found. Such knots will appear for n ≥ 12 crossings, and they are, for example, the arborescent (pretzel) knot 5, 4, 3 or the polyhedral knots . Among rational knots, the first to have the unknotting gap δ > 1 are 6 1 6 3 and 8 1 5 2 with n = 16 crossings, and with δ = 2. Their corresponding families have an arbitrarily large unknotting gap.
New Multi-Parameter Families of Links with Unlinking Gap
Let us consider a link with an unlinking gap denoted with its Conway symbol containing n rational elementary tangles and introduce the following replacement rules:
• each even elementary tangle is replaced with 2k i ; • each odd elementary tangle greater then 3 is replaced with 2k i + 1;
• each 1 is replaced with 2k i − 1 (i = 1, 2, . . . , n).
These are the general rules for obtaining an n-parameter representative of an infinite family of links with an unlinking gap.
From the links with an unlinking gap with n = 11 crossings at most, presented in Section 3, the following families are derived: 1) (2k) 1 (2m) (k ≥ 2, m ≥ 2), the two-parameter family of rational links considered by D. Garity, beginning with the 9-crossing link 4 1 4, can be extended to the three-parameter family (2k) (2l − 1) (2m), with an arbitrarily large unlinking gap.
The main problem for every family is finding necessary and sufficient conditions (or, simply, conditions) for a specific family to have an unlinking gap. These conditions for this family are k ≥ 2, m ≥ 2, 2k ≥ 2m > 2l − 1. The reason why the conditions 2k ≥ 2m > 2l − 1 have not been considered before, in the case of the two-parameter family (2k) 1 (2m) ( k ≥ 2, m ≥ 2, k ≥ m), is that they are automatically satisfied for l = 1.
2) (2k + 1) 1 (2m), the two-parameter family of rational knots considered by D. Garity, beginning with 10-crossing knot 5 1 4, can be extended to a larger threeparameter family (2k + 1) (2l − 1) (2m) which has the unknotting gap δ = 1 if k ≥ 2, m ≥ 2, 2k + 1 > 2m > 2l − 1.
3) (2k) (2l − 1) (2m) (2n), the four-parameter family of knots beginning with the 11-crossing knot 4 1 4 2 which fulfils the conditions k ≥ 2, m ≥ 2, min(2k, 2m, 2n) > 2l − 1, k + n ≥ l + m, has an arbitrarily large unknotting gap. 4) (2k + 1) (2l − 1) (2m + 1) (2n), the four-parameter family of links, beginning with the 11-crossing link 5 1 3 2 which fulfils one of the conditions: k ≥ 2, n ≥ 2, k ≥ n + 1, k + n > m, 2k + l > m, or k ≥ 2, k ≥ m, k ≥ n + 1, 2k + l > m, or k ≥ 2, l ≥ 2, n ≥ k + 2, k + n > m, 2k + l > m, has an arbitrarily large unlinking gap. 5) (2k + 1) (2l − 1) (2m − 1) (2n − 1) (2o + 1), the five-parameter family of links begins with 11-crossing link 5 1 1 1 3. Because of the large number of parameters and their relationships, we have not succeeded to determine conditions for the entire family. Therefore, the whole family was divided into disjoint subfamilies, each satisfying particular conditions.
The first subfamily that consists of links of the form (2k + 1) 1 1 1 (2l + 1) for k ≥ 2, k ≥ l, has an arbitrarily large unlinking gap.
The second subfamily is (2k + 1)(2l + 1) 1 1 (2m + 1) for k = l, m > l + 1, or m > k, m > l + 1, with an arbitrarily large unlinking gap.
The third subfamily is (2k + 1) 1 (2l + 1) 1 (2m + 1) for k + l + m > 4, k ≥ m, 2k + 1 + 2m + 1 > 2l + 1, with an arbitrarily large unlinking gap, etc.
This type of analysis will give the complete conditions for this five-parameter family if we take all different relationships between parameters into consideration. 6) 8 * (2k).(2l), (k ≥ l), the two-parameter family of links beginning with 10crossing link 8 * 2.2, has δ = 2. 7) .(2k + 1).(2l), (max(k, l) > 1), the two-parameter family of links beginning with the 11-crossing links .5.2 and .3.4, has δ = 2. 8) 8 * (2k) (k ≥ 2), the one-parameter family of links beginning with the 11crossing link 8 * 4, has δ = 1. 9) .(2k + 1) (2l).(2m), the three-parameter family of links beginning with the 11-crossing link .3 2.2, has δ = 1.
10) the family of links derived from the 11-crossing link .2 2 1.2, can be divided into two families. The first is the two-parameter family .(2k) 2 1.(2l), beginning with the 11-crossing link .2 2 1.2, with δ = 1. The other is the four-parameter family of links (2k) (2l) (2m + 1).(2n) with δ = 2, beginning with the 13-crossing link . 16) (2k + 1) : (2l + 1) (2m) 0, the three-parameter family of links derived from the 11-crossing link 3 : 3 : 2 0, with δ = 2.
17) (2k) (2l) 0 : (2m) 0 : (2n) 0, the four-parameter family of links that begins with the link 2 2 0 : 2 0 : 2 0 for k ≥ max(l, m, n). For k > max(l, m, n) and max(m, n) ≥ l, δ = 2. Otherwise, δ = 1.
18) 8 * (2k + 1).(2l), the two-parameter family of links with δ = 1 that begins with the 11-crossing link 8 * 3. 24) in the case of the 11-crossing link 8 * 2 0 : .2 : .2 0 with the unlinking gap δ = 1, we have an interesting phenomenon. It is a single link with the unlinking gap δ = 1 and no family with an unlinking gap can be derived from it. 25) 9 * .(2k) (2l − 1) 0, the two-parameter family of links with δ = 1, begins with the 11-crossing link 9 * .2 1 0. 26) 9 * (2k) 0.(2l) 0, the two-parameter family of links with δ = 1, begins with the 11-crossing link 9 * 2 0.2 0. 27) 10 * (2k), the one-parameter family of links begins with the 11-crossing link 10 * 2. The unlinking gap is δ = 1 for k = 1, and δ = 2 for k ≥ 2.
The conditions and unlinking gaps stated above are predicted by varying parameters in the families and according to the unlinking characteristics of the families discussed. If on the certain family, conditions for an unlinking gap are not explicitly given, then there are no restrictions for a choice of parameters. The conditions and unlinking gaps can be established using the methods developed by J. Bernhard [7] and D. Garity [19] . However, we still cannot guarantee the sufficiency of these conditions for all families discussed in Section 4. All links with more than ten crossings and an unlinking gap are either members of already derived families or generators of new ones. For example, out of all links with n=11 crossings and an unlinking gap, links 4 3 4 and 6 1 4 are members of the already derived family (2k) (2l−1) (2m) that begins with the 9-crossing link 4 1 4, and all the others are generators of new families. For n = 12 three rational knots 4 1 4 3, 6 1 3 2 and 6 1 1 1 3 are the generators of new families. For n = 13 there are five rational knots 4 1 3 1 4, 5 1 3 2 2, 2 3 1 4 1 2, 5 1 1 1 1 3 2, 5 1 3 1 1 2, and four rational links 3 4 1 3 2, 4 1 4 2 2, 2 4 1 3 1 2, 4 2 1 1 1 3 that generate new families of knots and links with an unlinking gap, and all the others belong to the already derived families.
The following table contains all rational knots and links from the previous tables that have an unlinking gap 2; all the others have an unlinking gap 1. Among the polyhedral alternating knots and links with n ≤ 11 crossings there are the following links with δ = 2: In the case of non-minimal projection 3 1 1, 3, 3− and the minimal projection 3 1 1, 3, −2 1 of the same 11-crossing non-alternating knot 11n 138 [9, 13] we have the opposite situation to the Nakanishi-Bleiler example. The non-minimal projection has the unknotting gap δ M = 1, and the fixed minimal projection gives the correct unknotting number u = 2 (Fig. 3) .
The 11-crossing projections 4 1 1, 3, −2 and 3 2, 3, −3 of the non-alternating knots 11n 64 and 11n 122 [9, 13] are the examples of the non-alternating minimal knot projections with an unknotting gap δ M = 1. For each of them the projection unknotting number (according to the Conjecture) is 2, and it is equal to the exact unknotting number of the corresponding knots. The fixed minimal projections ( Fig. 4 ) need at least three crossing changes to be unknotted. These projections generate two-parameter families of minimal projections (2k + 2) 1 1, (2l + 1), (−2m), and (2k + 1) 2, (2r + 1), −3, with the projection gap δ = 1. Their minimality follows from [20, Theorem 7] . Moreover, these families could be extended to three-or four-parameter families with an unlinking gap, whose parameters should fulfil some additional conditions.
In the same way, beginning from the link projection 3 1, 3 1, −3, we obtain the family of minimal non-alternating 2-component link projections (2p + 1) 1, (2q + 1) 1, −3 with the unlinking gap δ = 1. According to [20, Theorem 7] , these projections are minimal.
The following table contains the examples of 12-crossing minimal non-alternating knot projections with an unknotting gap δ M = 1. 
Conclusion
According to D. Garity [19] , considering (rational) knots and links, three open problems appear:
• analysis of all rational knots and links (given in Conway notation) in order to determine which have an unlinking gap; • establishing criteria and finding a method for determining when a knot or link has an unlinking gap and what the value of the gap is; • finding classes of prime knots or links with arbitrarily large unlinking gaps.
We expect that the computation results given in Section 3 indicate some answers to the first and second question. The way in which we determined sufficient conditions for the existence of an unlinking gap of a family indicates how the second problem can be solved and at the same time shows its complexity.
As a particular answer to the third problem we propose the family 4) from Section 4 and its subfamily (2k) (2k) 1 (2k) (k ≥ 2) of knots with an arbitrarily large unknotting gap δ = k − 1, beginning from the 13-crossing knot 4 4 1 4 with δ = 1. Generally, every knot family of the form (2k 1 ) . . . (2l−1) . . . (2k 2i+1 ) (k 1 , . . . , k 2i+1 ≥ 2) will have an arbitrarily large unknotting gap. In order to reach this conclusion, it is sufficient to consider its subfamily obtained for k 1 = . . . = k 2i+1 = 2k (k ≥ 2, l = 1) with δ = k − 1. The same property holds for every link family of the form (2k 1 ) . . . (2k 2i−1 )(2l − 1)(2m 1 ) . . . (2m 2j−1 ) (k 1 , . . . , k 2i−1 ≥ 2, m 1 , . . . , k 2j−1 ≥ 2). We can construct a family of non-alternating link projections 2k, 2k, −3 (k ≥ 2) ( Fig. 5b) with an arbitrarily large unlinking gap δ ≥ k − 1 in the following way:
• the family of rational links (2k) 1 (2k) (k ≥ 2) with arbitrarily large unlinking gap δ = k − 1 can be expressed in pretzel link form as 2k, 2k, 1; • a family of non-alternating link projections 2k, 2k, −3 is derived from this family 2k, 2k, 1. According to [20, Theorem 7] the projection 2k, 2k, −3 is minimal, because it can be represented by a semi-alternating diagram obtained by summing Because projections obtained by flypes have the same projection unlinking gap, it is sufficient to consider 12 families of link projections mentioned above. Each of them has estimated unlinking number k, and the fixed minimal projection requires 2k − 1 simultaneous crossing changes to be unlinked. Hence, their unlinking gap is k − 1. For larger values of n = 4k + 3 new families of minimal projections of the link 2k, 2k, −3 with unknown unlinking gap will appear. Therefore, we are not able to prove that the family of links 2k, 2k, −3 has an arbitrarily large unlinking gap. The one-parameter family of minimal link projections 2k, 2k, −3 can be extended to a three-parameter family 2k, 2l, −(2m+1) with an arbitrarily large unlinking gap.
This establishes that link projections with an arbitrarily large unlinking gap exist for all classes of links, including non-alternating ones.
